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Introduction 
In this paper we discuss a Grothendieck topology for algebraic geometry over the 
p-adic numbers and the definition of a 'spectrum' functor that we can derive from 
it. We shall follow the traditional logical and topos-theoretic a count of Grothen- 
dieck topologies, and so will approach them via the theories they classify (see, for 
example, Makkai & Reyes [13] for details). In Sections 2 and 4, however, we shall 
interpret our theory in a more geometric fashion, and this could also be used as the 
basis of a more elementary account, along the lines of that already given by M. 
Coste and M.-F. Coste-Roy for the real spectrum [6]. 
So far as we are aware, all the examples of 'spectra' that have been given in com- 
mutative algebraic geometry are special cases of a construction which in its full 
generality is due to Cole (Cole [3], but see Johnstone [9]): 
Theorem 0.1. Suppose that T and T' are coherent theories (in other words, they are 
axiomatised by sequents from the Av3-fragment of  first-order logic), that T is a 
quotient o fT ;  and that A* is an admissible class of  morphisms of  T'-models, i.e. 
I. A* contains all identities, and i f  g cA*, then any composite gf  is in A* if  and 
only if f is. 
II. (The factorisation property) Given any homomorphism of  T-models M-~L 
such that L is a model o f  T' then there is a factorisation M--,M'--,L such that 
M'--,L is in A*  and which is initial in the category of  factorisations of  M~L 
through morphisms of  A*. Furthermore, this factorisation is preserved under in- 
verse image of  geometric morphism. 
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Then the forgetful functor 
(T ', A*)-T op ~ T-Top, 
where (T', A*)-Top is the category of T'-modelled toposes and A*-morphisms, has 
a right adjoint which we call Spec. [] 
We note that both the Zariski and the 6tale spectra re spectra in this sense [8], 
as is the real spectrum of Coste & Coste-Roy [6]. The spectra of Cole have been 
studied from a syntactic point of view by Michel Coste [4], who has shown that if 
T is algebraic, if A* is obtained as the second component of a factorisation system 
on the category of models of T (in Sets), and if we further assume that this factorisa- 
tion system (A, A*) is generated by the restrictions of A and A* to the category of 
finitely presented T-models, then the value of the corresponding Cole spectrum 
functor can be given for a T-model A in Sets as the topos of sheaves on the opposite 
of the category whose objects are A-maps of T-models A ~B, equipped with the 
restriction of the Grothendieck topology for T'. Furthermore, the structural sheaf 
of T'-models is given by the sheafification of the underlying set functor. We remark 
that in the case that A* is given by a factorisation system on the category of T- 
models, in order for the theory to work, we require that any A*-morphism with 
codomain a model of T' should also have domain a T-model.  In other words, in 
the terminology of Robinson [16], we require that the theory T' be A*-stable (it 
should be noted that this notion of stability has nothing to do with the conventional 
model-theoretic concept). Cole's results show that, conversely, to any A*-stable 
theory T' extending T we can associate a spectrum which classifies the homomor- 
phisms from a given T-model into models of T'. 
The first fly in the ointment is that much of the time we wish to classify homomor- 
phisms into models of theories which are not stable for any 'sensible' factorisation 
systems. The way round this particular problem is to approximate he desired theory 
by a stable sub-theory. In our paper, [16], we show that there is always a largest 
stable sub-theory, and that, subject o Coste's restrictions, coherent theories have 
coherent 'stabilisations'. It is not surprising that this process when applied to 
theories of fields, tends to give known theories of local rings; for example, we can 
get the theories of henselian and strictly henselian, and local and real-closed local 
rings in this way. In the paper, We also give some heuristics to help obtain a suitable 
faetorisation system. Our first task in Section 1 will be to apply these heuristics to 
identify a reasonable factorisation system for the theory of p-adically closed fields, 
and then to describe the corresponding stabilisation. 
In Section 2 we give a very brief account of the spectrum that results, and Section 
3 we devote to coping with the second fly. In the approach we have adopted a 
spectrum can be a more or less arbitrary topos, and so is not always spatial (for ex- 
ample, the 6tale spectrum). This particular spectrum, however, is spatial, at least for 
rings in Sets, and in Section 3 we shall sketch two alternative proofs of this fact. 
In Section 4 we give several different, but more and elementary descriptions of this 
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space. Finally, in Section 5 there is a brief discussion of the extension of the theory to 
the more general notion of p-adically closed field discussed in Prestel & Roquette's 
book [141. 
1. p-adically closed local rings 
Consider the finitely-presented algebras over a field K, which, throughout his 
section, will be taken to be p-adically closed. In the category-theoretic duality be- 
tween the language category associated with the finite limit part of the theory of K- 
algebras (the syntactic ategory built from the ^ ~!-fragment of logic, as in [13]) and 
the category of finitely-presented K-algebras, an algebra 
K[X]/( Pi)i= 1 ..... m 
corresponds to 
I i:l,/~...,mPi(X)=Olx' 
which, since the theory of p-adically closed fields is model-complete, we can think 
of as 
IxEKn i~ Pi(x)=Ol. 
i=l,...,m 
Following this idea, a homomorphism of algebras K[X]/(pi)~K[X, Y]/(Pi, qj) 
corresponds to a map of varieties whose image is 
{X ~ Kn l /)~k Pi(x) =OA~y/)~kqj(x, y) = 0}, 
and we have: 
Lemma 1.1. I f  the map K[XI/(Pi)--,K[X, Y]/(Pi, qj) is an dtale homomorphism 
of K-algebras, then {xeKnl/h'kpi(x) =OAYyi~qj(x,y)=O} is an open subset of 
{xeK~l/)~Pi(x)=O} in the valuation topology on K n. 
Proof. This follows directly from the Jacobian criterion for 6tale maps, see for ex- 
ample Raynaud [15]. [] 
We can give a partial converse to this result. In [18] we show that any open subset 
of K n can be expressed as a positive combination (i.e. a finite union of finite in- 
tersections) of sets of the form 
('~) {xlp(x) is invertible, and has an nth root in K} 
where n is a positive integer and p is a polynomial over K. 
We can easily see that such a set is a union of the images of a collection of subsets 
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of K n+ m corresponding to 6tale K[X]-algebras. 
First, { y ~ K I Y is an invertible nth power} is the image of 
[t n - y = 0 A z(nt n- l ) = 1 ly, ~ t 
which corresponds to the 6tale K[Y]-algebra K[ Y, Z, T]/< T n -  Y, nZT  n- 1_ 1). The 
set corresponding to (t) is now obtained from this by pulling back along the map 
given by Y- ,p (X)  or, dually, by pushout of the relevant algebras, an operation 
which preserves 6tale maps. Finally, we observe that finite intersections are also ob- 
tained categorically by pullback, and composition of the subset embeddings, and so 
the result follows from the stability of 6tale maps under pushout and composition. 
The import of this analysis is that we can without damage restrict our covers to 
consist of 6tale maps, as in the 6tale topology, since 6tale maps are 'open' for the 
valuation topology, and yet the collection is fine enough to generate all the open 
sets as the image of a component of a cover. We therefore take the factorisation 
system for our spectrum to be the one whose left-hand component consists of the 
ind-6tale maps, and whose right-hand side is the separably-closed morphisms. 
In [ 16] we call a theory T stable (for the ind-6tale and separably-closed factorisa- 
tion system) if, given a model B of T and a separably-closed homomorphism A--,B, 
then A also satisfies T. For coherent heories (i.e. those axiomatised by sequents 
from the ^ vY-fragment of first-order logic), stability is precisely the condition re- 
quired for the theory to have a Cole spectrum. In [16] we show that any coherent 
theory has a coherent stabilisation, which is, of course, the largest subtheory of the 
given theory to which we can associate a Cole spectrum. In many cases, the connec- 
tion between the theory and its stabilisation is so close that we can (at least in Sets) 
associate in a canonical fashion a model of the original theory to each model of the 
stabilisation. We can then, as in Section 4, regard the points of the spectrum as given 
by homomorphisms into models of the original theory. 
In analogy with the results of Coste and Roy for real-closed fields, it makes sense 
to conjecture that the stabilisation of the thoery of p-adically closed fields is the 
theory of p-adically closed local rings, where 
Definition 1.2 (Coste-Roy, [7]). A ring A is p-adically closed local if and only if it 
is a henselian local ring, and its residue field is p-adically closed. 
Since for any henselian local ring, its projection onto the residue field is a 
separably-closed morphism [16], we have 
Lemma 1.3. The stabilisation o f  the theory o f  p-adically closed fields is a subtheory 
o f  the theory o f  p-adically closed local rings. [] 
To prove the reverse inclusion it suffices to show that the theory of p-adically 
closed local rings is stable, towards which the first step is to give a geometric ax- 
iomatisation of the theory. 
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As a corollary of results in [18], we obtain the following geometric axiomatisation 
of the theory of p-adically closed fields: 
the field axioms, 
and the interpretation of Rn: Rn(x)~ .Yyxy n= 1. 
For convenience we re-introduce the valuation predicate F, taking it simply as an 
abbreviation: 
F(x,y)'~R2(x2+py 2) if p~2,  
F(x,y)~R3(x3 + 2y 3) if p=2.  
Using F we can write axioms which say that we have a p-valued field: 
F(x, y)AF(Y, Z)~F(x, z), 
F(x, y) AF(x', y')~F(xx', yy'), 
F(x, Y) AF(x, y')-~ F(x, y + y'), 
F(x, y)--, R 1 (x), 
R1 (x)~F(x, y)vF(py, x), 
F(p, 1) -~ ±,  
F(x, 1)vF(p,x), 
F(1, x )~ W F(p ,x - i ) ,  
i=O,...,p- 1
R1 (x)-~ W W Rn(,~pix), 
i=0, .... n - I  2=1 ..... pl+2vtn),p,~,~ 
for each natural number n 
F(an, 1)^F(1, an)AF(1, an-~)A "'" AF(1, a0) 
---, [~ty (a,, yn + ... + ao = O A l"(nany n- ~ + ... +al, 1))vF(a0, 1)VF(1 -a l ,  1)] 
This axiomatisation is simply a writing out of the description of a p-adically 
closed field as a henselian valued field valued in a Z-group, together with a defini- 
tion of the valuation in terms of either the squares or the cubes in the field, and the 
use of the nth powers to establish the n-divisibility property in the valuation group. 
Reading the implications as subset inclusion we note that all these axioms, apart 
from the field axioms, simply express the inclusion of one open subset of K n in 
another. We will see later that this has the consequence that the truth of all these 
axioms is reflected along separably-closed morphisms. Specifically we shall prove: 
Proposition 1.4. Let T be the theory axiomatised by the axioms given for p-adically 
closed fields, minus the field axioms, but with the axioms 
RI(x)VRI(1 -x) ,  
R~(O)-, ± 
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and for each natural number n 
Rl(an)-'* [YY (anY n + "'" + ao = OARl(nany n- l + ... + al))vRl(ao)VRl(1 _ al)] 
which indicate that a model o f  T is a henselian local ring. 
Then T is the theory of  p-adically closed local rings. 
Proof. Let A be a henselian local ring, say with residue field k. It follows directly 
from the henselian property and the definition of Rn that for any a ~ A, A ~ Rn(a )
if and only if k ~ Rn(a ). In other words, the property of satisfying the predicate Rn 
is both preserved and reflected along the projection of A onto its residue field. The 
proof is now trivial. In one direction, it is clear that the truth of the axioms for T 
is preserved under the projection A-*k,  and hence that if a is a model of T, then 
k is a p-adically closed field. Conversely, we can check that the truth of the axioms 
is reflected up the separably-closed morphism A--*k. Equally easily, we can show 
the more general 
Lemma 1.5. T is stable. 
Note that this lemma suffices at once to complete the proofs of Proposition 1.4 
and 
Proposition 1.6. The theory of  p-adically closed local rings is the stabilisation of  the 
theory of  p-adically closed fields. [] 
Proof of Lemma 1.5. We have to show that if we are given a separably-closed 
homomorphism f :A -*B ,  where B is a model of T, then A also satisfies the axioms 
for T. We know that the theory of henselian local rings is stable, and so A is certain- 
ly henselian. The proofs of the validity of the other axioms are all very similar to 
each other; we shall sketch two. As above, A ~Rn(a) if and only if B~Rn(f(a)),  by 
the reflection property for separably-closed morphisms. Hence, since F is defined 
in terms of Rn, the same holds for F. We take as our first example the axiom 
R l (x)-* F(x, y) v F(py, x). 
Suppose that A ~Rl(a), then B~Rl(f (a)) .  Since the axiom holds in B, we have 
that for any b cA,  
BE r(f(a),f(b))vF(f(b),f(a)).  
! 
We now use the reflection property for F to get 
A ~F(a, b)vF(b, a), 
and hence the axiom holds for A. 
The same process canbe seen again for the axiom 
r(1, x )~ ~g/ l " (p ,x - i ) ,  
i=0, .... p -1  
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if aeA and A~F(1 ,a ) ,  then this axiom implies that 
B~ F(1, (f(a) - i)/p). Hence A ~F(1, (a - i)/p), and thus 
A = l"(1, x) ---, W l"( p, x - i ). [ ]  
i=O,. . . ,p-  1 
for some i= 0 , . . . ,p -  1, 
2. Gros and petit p-adic toposes 
The major result of the previous ection was that the theory of p-adically closed 
local rings was finitary geometric, and that it is the stabilisation of the theory of p- 
adically closed fields. It follows that for any ring k, there is a corresponding 
Grothendieck topology (or more strictly a co-topology) on the category of finitely- 
presented k-algebras, uch that the corresponding sheaf topos, the gros p-adic topos 
for k, classifies p-adically closed local k-algebras. 
This topology can be given a concrete description: a collection of maps 
(n--* Bi)ie I forms a co-cover of B for the p-adic co-topology if and only if for every 
k-algebra homomorphism B--,A, where A is a p-adically closed local ring, there is 
an i e I  for which there is a factorisation B--*Bi~A of B--,A through B~Bi .  
The p-adic spectrum of k, p-Spec k, is defined to be the petit topos given by the 
restriction of this topology to the category of 6tale k-algebras. Put another way, it 
is the Cole spectrum associated with the theory of p-adically closed local rings and 
the ind-&ale, separably-closed factorisation system. The structural sheaf on the 
spectrum is, as usual, given by the sheafication of the forgetful functor which sends 
the k-algebra k--* B to B. 
We stress that in this approach it is necessary to prove that the spectrum is a 
ringed topological space in the classical sense. This point is illustrated by the fact 
that the &ale spectrum is not in general spatial, even though it can be defined in 
a very similar way. 
Accordingly, we delay giving a description of the underlying topological space of 
the 6tale spectrum to Section 4, when we will have shown that it is meaningful. We 
will however emark that we can given an alternative description of the p-adic 
topology: (B~Bi )  is a co-cover if and only if the corresponding family 
(p-Spec B i ~p-Spec B) 
is collectively surjective. 
3. The p-adic spectrum is spatial 
This section is devoted entirely to proving the result announced in the title. We 
shall indicate two different proofs, both of which depend crucially on the following 
result, which is due to M. Coste and M-F. Roy: 
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Theorem 3.1 [5]. A coherent topos is spatial if and only if the category of  its points 
is equivalent to a partially ordered set. [] 
By a point of an arbitrary topos g we mean a geometric morphism Sets~ g. This 
is the equivalent of describing a point of an ordinary topological space by means 
of a map from the one-point space. If g classifies a theory T, then a point of g is 
equivalent to a model of T in Sets. 
In order to use Theorem 3.1, we must first show that the p-adic spectrum of a 
ring in Sets is a coherent topos. We observe that p-Spec A is defined over ZSpec A, 
the Zariski spectrum of ,4, itself a coherent topos. Furthermore, over ZSpecA, p- 
Spec A classifies flat formally unramified p-adically closed local extensions of the 
structural sheaf, which (as in Wraith [19]) is a finitary geometric theory. Hence p- 
Spec A is coherent over ZSpec A, and thus coherent. 
We are now reduced to proving: 
Proposition 3.2. Let A be a ring in Sets, and let A ~A~ and A-~A~ represent two 
points of  p-Spec A. Thus A a and A~ are p-adically closed local rings and ind-dtale 
as A-algebras. Suppose further, that we are given two A-algebra homomorphisrns 
f and g: A a -*A~. Then f= g. 
A 'A  a 
We shall indicate two proofs of this proposition,, but before we come to either, 
we make some preliminary remarks that may be useful in helping the reader to 
visualize the situation. 
First, Aa, like any p-adically closed local ring, is naturally a Q-algebra, and since 
the algebraic p-adic numbers 0p are an ind-6tale xtension of Q in addition to be- 
ing the prime model of the theory of p-adically closed fields, it follows that the 
natural embedding of 0p in the residue field lifts uniquely to an embedding of 0p 
in Aa. 
Second, it can be helpful to follow Anders Kock [12], and to think of a local ring 
as a field whose zero has somehow been smeared out. In particular, we can think 
of any local subring of A a as a p-adic field (in the full sense of [18]). We shall 
discuss this theory in Section 4, where we call it the theory of p-adic local rings. 
Finally, we remark that the Rn and F-structure on Aa is preserved by the homo- 
morphisms f and g. If we are given an element a of A a such the Aa~Rn(a), then 
this fact is witnessed in A a by an nth root (, and an inverse for n( n- i. The images 
of these under f (resp. g) witness Rn(f(a)) (resp. Rn(g(a))) in A~. The correspond- 
ing result about F now follows immediately from the definition of F in terms of 
Rn. 
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Our first proof is a sketch o f  the one given in [17]. It follows very closely, except 
for the first section, the proof given by Coste & Roy in [5] of the corresponding 
result for the reals. 
Proof I. Let A'c_Aa be {a¢A~lf(a)=g(a)}. Clearly, A' is a local subring of A~, 
and since {)p is rigid, contains l)p. The first stage of the proof is to show that A '  
is valued in a Z-group. 
It is a consequence of the definable open-ness of the sets of nth powers in A,~, 
that for any a in A', there is an integer multiple of a which is an nth power in A a. 
Now, it is an easy consequence of Hensel's Lemma that the number of nth roots 
of unity in a p-adically closed field is the greatest common factor of n and p -  1. 
The only exception to this is in the case p = 2, where, if n is even, 1 has of course 
two nth roots, 1 and -1.  Suppose, then, that a is in A', and that for some prime 
q, q divides the value of a in o(Au). We can find an integer multiple of q dividing 
p -  1 (or 2 if p = 2). Thus, some qth root of 2a has qr- lth roots, and so must have 
qr- l of them. These roots are precisely the qr- ~ qrth roots of the ;ta. Hence there 
is a unique qth root of Aa which has qr- lth roots in A,~. It follows that the images 
of this root under f and g have the same property in A B, and hence that this root 
of Aa is actually in A'. Thus q divides the value of a in o(A'), which is therefore a
Z-group. 
Now, Aa is a filtered colimit of local 6tale A'-algebras, each of which (by the 
structure theorem given in Raynaud, [15]) is given by adjoining a simple root of 
some monic polynomial defined over A'. Let P be such a polynomial, and let a be 
a simple root of P in A~. We must show that f(a)= g(a). This, however, follows 
easily from an analysis of the decision procedure for p-adically closed fields given 
in Cohen [2]. 
We can suppose, inductively, that A'  contains all the simple roots of all the 
derivatives to any order of P. We then follow Cohen's procedure, which produces 
a set of constraints on some simple expressions built up from the coefficients of the 
polynomial that guarantee, because of the Hensel-Rychlik lemma, that a is the 
unique root of P in some basic open of A a, again defined in terms of the coeffi- 
cients of P. Since these constraints are positive conditions, they remain true in Aa, 
giving a description of a unique element of Ap, which has thus to be the image of 
a under both f and g. [] 
Proof II. The second proof is much simpler, and I owe it essentially to Luc Bdair, 
who claims in turn that is based on the ideas of Joyal and Reyes, [11]. He observed 
that is sufficient to prove that A'  is a p-adically closed local ring, and that the easiest 
way to do that is simply to check that it satisfies all the necessary axioms. In almost 
all cases these axioms can be dealt with easily; they simply state that under certain 
hypotheses some element of A'  satisfies an R n predicate, and we have already seen 
how in that case we can describe a unique nth root which witnesses this. The two 
exceptions are the axioms which involve the henselian properties. 
The first of these is the axiom which states that the residue field of A'  is henselian. 
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We can assume that neither F(f(ao), 1) nor F(1-f(al) ,  1) holds in Ap (and hence 
that they do not hold in Aa either). Since the residue field of Ap is henselian, there 
is a root of anX n + "" + a lX+ ao such that nanX n+ l + ... + a~ is 'integral'. This root 
is the unique root in A B congruent to 0 mod p. Similarly, there is a unique root of 
the polynomial in Aa satisfying F(p,y) ,  and hence this root is contained in A'. 
We also have to show that A' is henselian as a local ring. Let q be a polynomial 
over A', and a an element of A' such that q(a) is in the maximal ideal of A', while 
q'(a) is invertible. Multiplying first a by a suitable element of A', and then q, we 
may suppose that both a and q are integral. Since q(a) is in the maximal ideal of 
A',  A '~F(pq'2(a) ,q(a)) ,  and hence so does A B. It follows that in both A a and A~ 
there is a unique root of q within 1 + o(q'(a)) of a. The consequence of this is that 
both f and g map the root in A a to the root in A~, which shows that the root in 
A a is contained in A'. This concludes the second proof. [] 
4. The underlying topological space 
In the last section we saw that the p-adic spectrum of a ring was a topological 
space. This fact is not much use to us unless we also have a reasonable independent 
description of that space. 
We recall from general theory, the fact that the points of the space correspond 
to the isomorphism classes of models of the theory it classifies, or in this case to 
p-adic strict localisations of A, where 
Definition 4.1. A p-adic strict localisation of a ring A is an ind-6tale p-adically 
closed local A-algebra. 
A basis of open sets of p-SpecA is given by the sets of form [~l, where ~ is an 
finitary geometric sentence in the language of ring theory, with parameters from A, 
and where [~0l is defined to be 
We note that since Rn is geometrically-definable in terms of the ring structure in 
any p-adically closed local ring, and F is definable in terms of Rn, we Obtain no ad- 
ditionai open sets by allowing them into our language. This, however, is something 
of a false point. We shall see later that it is sufficient o take ~ a positive quantifier- 
free combinatign of atomic formulae of the form R,,(a), where a cA. This, in view 
of the similar characterisation f the definable open sets of affine spaces over a p- 
adically closed field which we gave in [18], is surely the most natural way of describ- 
ing the open sets. 
However, we note also that the presentation of p-Spec A as the topos of sheaves 
on the opposite of the category of ~tale A-algebras gives us another way of looking 
at the open sets. This presentation tell us that the open set lattice of p-Spec A is 
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isomorphic to the lattice of closed cribles on 1.a:A-~A for the p-adic topology. 
This isomorphism sends a crible U to the set 
{A-~A~ ]there is a map A-~B in U, through which A- ,A~ factors}. 
However, for any &ale map A-*B, the same p-adically closed local A-algebras 
factor through it as through the closed crible it generates. Thus the open set lattice 
has a basis consisting of the sets of the form 
{Aa ]A ~Aa factors through A ~B }, 
where B is some 6tale A-algebra. 
Since A a is the p-adic strict localisation of A at the point A ~A a of p-Spec A 
that it represents, it follows from general sheaf theory that it is the stalk of the struc- 
tural sheaf at that point (in other words, it is the ring of germs). Similarly, each &ale 
algebra A--,B gives us a ring of functions on the open set it represents. B is not 
necessarily, however, the ring of sections of the structural sheaf on this open; each 
open can have several different representations by 6tale A-algebras. We recall 
however, that A ~Aa is ind-6tale, and is thus the filtered colimit of its 6tale fac- 
torisations; which means that we do not have any more functions than those given 
by the 6tale algebras. 
It is also worth remarking that, although we have defined the points of the spec- 
trum in the classical way, as localisations, since we are working in Sets we could 
equally well have looked at maps into p-adically closed fields. Each p-adic strict 
localisation A ~Aa is uniquely determined by its composition with the projection 
of A~ onto its residue field. This description, though, stands no chance of working 
in a more general topos, where an arbitrary p-adically closed local ring will not even 
have a residue field. Furthermore, if we use this description for the points of the 
spectrum, we are either constrained to use the description of open sets in terms of 
factorisation through &ale A-algebras, or as is most useful, in terms of the R n 
predicates; the descriptions of opens in terms of arbitrary algebras or the satisfac- 
tion of arbitrary geometric formulae no longer work. 
The descriptions of p-SpecA that we have given above share one major 
drawback; they are all based on the possession of higher order information. We 
have, for example, to look at all homomorphisms A--*A~, where A~ is a p-adically 
closed local ring, and A--,A a is ind-6tale. We would like to be able to reduce this 
to the problem of putting a suitable structure on A itself, similar to the classification 
of the localisations of A by its prime ideals, or of the real strict localisations by 
means of prime ones. We do this via the theory of p-adic local rings. 
We recall the definition of p-adic field given in [18]: a p-adic field is simply a sub- 
field of a p-adically closed field together with its inherited structure of R,,'s. Given 
a p-adic strict localisation A--,Aa of A, we let Ap be the associated localisation. 
Then kp, the residue field of Ap, is naturally a sub-field of k~, the residue field of 
A,~, and so carries the structure of a p-adic field. We look at the corresponding 
structure induced on Ap. 
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Definition 4.2. A local ring 0 which carries predicates (Rn In ~ N) is called p-adic 
local if the following conditions hold: 
I. The Rn are open in the sense that if a and b are two elements of the ring, and 
their projections a and 5 in the residue field are equal, then ~ ~Rn(a) if and only 
if O ~Rn(b), and 
II. The projections of the Rn give the residue field of ~ the structure of a p-adic 
field. 
In [18] we gave axioms for the theory of p-adic fields; from these it is trivial to 
get an axiomatisation of the theory of p-adic local rings. 
Lemma 4.3. 0 is a p-adic local ring if and only if it satisfies all the axioms for p-adic 
fields, with the exception of the actual field axiom, which are as follows: 
First, a p-adic local ring satisfies afamily of axioms which force the interpretation 
of  each Rn to be "open': 
Rn(x)~ Rn( y) AR I (X- Y) 
and axioms which force the ring to be local: 
Rl(x)vRl(1 -x), 
R I (O)~ .I. 
when we have fixed the interpretation of Rl: 
R~(x).~ y xy= l. 
Then, for convenience, we define an extra predicate F, which is a two-place 
predicate giving the "valuation': 
F(x,y)~R2(x2 +py2 ) if p:/:2, 
F(x,y)~R3(x3+2y 3) if p=2. 
Finally, using F we write axioms which say that we have a "p-valued ring': 
r(x, y)Ar(y, z)-~ r(x, z), 
F(x, y)AF(x', y')~F(xx" yy'), 
r(~ y) Ar(~ y')-~r(x, y + y'), 
r(x, y)-~ R ~ (x), 
I 
R ~ (x)-~ F(x, y) v F(py, x), 
r(p, 1)-~ ±, 
r(x, 1)vr(p,x), 
r(1, x)-. W 
i=O, .... p - I  
F(p, x -  i). 
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We ensure that any invertible nth powers get put into Rn: 
3y y n = xARI(x)~Rn(X ). 
The ring must also satisfy the following axioms which involve the sets Rn: 
Rn(x) ARn( y)~ Rn(xy), 
Rn(x) ARn(xy)~ Rn( y), 
Rn(x)--* Rmn(Xm), 
Rn(x)-~ Rm(x) whenever m In 
R n (x) ARm (x) ~ Rlcm~m, n) (X), 
Rl (x)~ ~/ ~1 Rn(2pix), 
i=0 ,  . . . .  n -  1 2= I . . . . .  pl+2°(n),p;(A 
Rn(X)AI '(p I + 2otn)x, y - x )~ Rn( y ). 
Finally, concluding the axioms inherited from p-adic fields is the family which 
fixes the extents of  the R n predicates on the elements of  Z; for each n ~ N and each 
2 ~ Z, we have either 
Rn(2 ) or Rn(2)--* .1_, 
according as 2 is, or is not, an nth power in Qp. [] 
It is easy to see that the points ofp-Spec A are in one-to-one correspondence with 
the p-adiclocalisations of A, but in fact we do not even need to consider localisa- 
tions, we can simply use the restrictions of the R,, tO A. When we restrict the 
predicates R,, to elements of A, then the resulting structure still satisfies all the 
axioms given above with the sole exception of "Rl(x)~inv(x)". Indeed it was for 
precisely this reason that we used R 1 ( - )  instead of inv ( - )  throughout. Converse- 
ly, suppose that A carries R n structure that satisfies the axioms above, then the R~ 
predicate determines a prime filter on A, which gives us a localisation Ap. We ex- 
tend the R n to Ap by 
Ap=Rn(a/b) if and only if A~Rn(abn-i)ARl(b). 
It is now a matter of elementary algebra to check that this definition is independent 
of the choice of representations of a/b, and to prove that this interpretation of the 
Rn predicates makes Ap a p-adic local ring. 
Thus, we have a description of the points of the p-adic spectrum in terms of struc- 
ture for R n on A itself. The open sets can also be included in this general set-up. 
Clearly, the sets of p-Spec A given by IRn(a)i are open, but they also generate the 
topology on p-Spec A. This can be seen from a compactness argument as follows. 
Suppose B is an &ale A-algebra, and A~Aa is a strict p-adic localisation of A 
which factors through B. A a induces an Rn-structure on A, which determines k a 
uniquely. Furthermore, k ~ ~ ~o, where ~o is the geometric formula in the language of 
294 E. Robinson 
ring theory which corresponds to B. Hence by compactness, there is a positive 
quantifier-free formula 0, involving only Rn's and elements of A, and which im- 
plies @ relative to the theory of p=adically closed fields which are A-algebras. 
The reader familiar with Joyal's localic construction of the Zariski spectrum (see 
[10]), will observe that we have given all the information ecessary for a similar con- 
struction here. The lattice of open sets of p-Spec A is the result of forcing the axioms 
for a p-adic Rn-structure on the free locale with generators tokens "Rn(a)" (for 
n~N,a~A). 
To conclude this section we give a simple example of a p-adic spectrum, the p-adic 
line, p-Spec Qp [X]. We must examine the homomorphisms Qp [X]-, k where k is a 
p-adically closed field. There are two cases: 
I. k = Qp. The homomorphism is given by X~a ~ Qp, and so we get a 'standard 
point' of Qp. 
II. k :~ Qp. Since Qp is the maximal p-adic field valued in Z, the value group of 
k is a strict extension of Z. Moreover, since Qp has no algebraic p-valued exten- 
sions, X must be transcendental over Qp. We divide this case into three subcases 
according to the valuation of X. 
O) v(X) is positive and infinite as compared with Z. Then, as far as Qp is con- 
cerned, X is infinitely close to 0. We will examine this case more closely later. 
(ii) v(X)~ Z. Then we can calculate residues for X. These residues form a 
Cauchy sequence in Qp, which, since Qp is Cauchy complete, converge to some a. 
Thus X is infinitely close to a, and the case is essentially equivalent to that of i). 
(iii) u(X) is negative and infinite as compared with Z. Then v(X -1) is positive 
and infinite, again reducing the case to (i). 
In case (i), we know that the field in which we are embedding Qp [X] is deter- 
mined up to isomorphism by the expressions Rn(q[X]) which hold in it, but the 
fact that x is valued so as to be infinitely close to 0 already gives us some hold on 
these. Suppose that the constant coefficient of q is nonzero, and thus invertible. 
Then q[X] is invertible and infinitely close to q[0], and so it follows from the 
definable open-ness of the Rn'S that k~Rn(q(X)) if and only if k~Rn(q(O)). 
A similar argument shows that k is in fact determined by the expressions of the 
form Rn(AX ) (A E Z, ). #:0) that are satisfied by X. First, we note that k~Rn(q(X)) 
if and only if k~Rn(lzxm), where lzX m is the non-zero term at least degree in q. 
Let d be the highest common factor of m and n, then, plainly, k~Rn(lzX m) if and 
only if Qp~Ra(lZ) and k~'~[Rn/d(ViXm/d), where v i ranges over the dth roots of 
/z in Q,. Thus we may assume that m and n are coprime. In this case, we can find 
v ~Z such that Rn(vX). We then know that k~Rn(vmxm), and so it follows that 
k~Rn(~m)  . if and only i f  Qp~Rn(flv-m). 
We note that each of the sets {xe Qpl Rn(Ax)} is an open set whose boundary is 
precisely the point 0. We are just deciding on a consistent family of open sets for 
X to be in. Seen in this way, the p-adic line is very similar to the picture of 
RSpec R[X] given in Coste & Coste-Roy [5]. 
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5. Notes on more general fields 
In this final section we discuss possible extensions of the results of the previous 
sections to more general complete local fields. In Prestel-Roquette [14], p-adically 
closed is taken to mean "finitely-ramified henselian, with finite residue field, and 
valued in a Z-group". Prestel and Roquette show that a field is p-adically closed 
in this sense if and only if it has not algebraic extensions of the same p-rank (which 
is defined to be the dimension over Fp of : /p:).  
The theory of p-adically closed fields is model-complete, at least for fields of a 
fixed p-rank. In fact, there is even a form of quantifier elimination: 
Theorem 5.1 (Prestel-Roquette [14, Theorem 5.6]). Let T be the first-order theory 
of p-adically closed fields of p-rank d, for some fixed d. Then T has quantifier 
elimination in the language of ring theory augmented by: 
Macintyre's Pn predicates, and d additional constants which give representatives 
in 0 of an Fp-basis of ©/p©. [] 
The price paid here is, of course, the inclusion of the extra constants. It does not, 
however seem possible completely to avoid this. 
Consider the simplest case, the unramified extensions of Qp. Up to isomor- 
phism, these are simply the fields Qv((), where ( is a simple peth root of unity, and 
so we do not need extra constants in order to characterise an isomorphism class of 
these particular fields. We merely add axioms to require that 1 has a simple peth 
root, but no more. The whole theory goes through almost unchanged up to the point 
at which we try to prove that the spectrum is spatial. Unfortunately, it isn't, and 
the reason is not hard to find. These fields have non-trivial automorphisms 
generated by the automorphism group of GF(pe),  the finite field on pe elements, 
and so the pre-conditions for Theorem 3.1 are violated. The easiest way to remedy 
this seems to be to add a constant which fixes a particular peth root of 1. This, 
however, is tantamount to adding the extra constants of Theorem 5.1. 
The case of ramification is slightly more troublesome, and has been discussed by 
B61air in his thesis [1]. He has shown that is possible to define a p-adic spectrum 
based on any given isomorphism class of fields. The spectrum we get is not in 
general spatial, however B61air has shown that if we include in our original theory 
an extra constant a, which represents a primitive lement of the corresponding ex- 
tension of Qp (in other words, if throughout we work with Z[a]-algebras rather 
than rings), then this version of the spectrum is always spatial. 
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